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INTRODUCTION
The quantum Weyl algebra, first appeared in the work of Wess and
Zumino on noncommutative differential calculus, is an example of the ring
of differential operators on a quantum affine space. Fix a ground field K ,
and let R be a Hecke symmetry for a nonzero scalar q K , which can be
2 2 Ž i j .regarded as an n  n matrix R for some integer n. Wek l 1 i, j, k , l n
assume, throughout this paper, that the characteristic ch K of K differs
from 2, and that q2 is not a root of unity. The quantum affine space
 K X associated to R is the noncommutative polynomial ring generatedR
1 n i j k l i j  by the variables x , . . . , x with relations R x x  qx x . In 18 , Wessk l
and Zumin construct noncommutative differentials  1 dx1, . . . ,  n dx n
Ž .  and derivatives or partial derivatives  , . . . ,  on K X . The DG-alge-1 n R
Ž . Ž .bra differential graded algebra  R generated by the variables and the
 differentials is called the WessZumino differential calculus on K X ,R
Ž .and we define the quantum Weyl algebra A R as the algebra generatedn
by the variables and the derivatives. Some ring-theoretic properties of
Ž .  A R are studied by several authors 1, 2, 6, 911, 15 , mainly, in the casen
where R is the multiparameter R-matrix R of the quantum deforma-q, P
Ž .  tion of GL parameterized by an n n matrix P p in 3 . Wen i j
 remark that, although the algebra studied in 1, 2, 9, 11, 15 , called the
quantized Weyl algebra, is slightly different from the quantum Weyl algebra
Ž . Ž .A q, P associated to R , it is easy to see that the K-algebra A q, P isn q, P n
isomorphic to some quantized Weyl algebra, so that most results for the
Ž .quantized Weyl algebra can be applied to A q, P . It is known thatn
Ž .A q, P is a nonsimple noetherian domain of Krull and global dimensionn
Ž .  2n, and its GelfandKirillov dimension equals 2n 9, 11 . In 11 , Jordan
Ž . Ž .constructs a simple localization B q, P of A q, P . This localizationn n
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Ž .B q, P has Krull and global dimension n the same as that of the nthn
 Weyl algebra A in the characteristic zero case. Demidov 6 and Rigaln
 15 consider quantum versions of Bernstein’s inequality. Rigal’s result
Ž .leads to the definition of holonomicity for left B q, P -modules or leftn
Ž .A q, P -modules. In the classical case, a holonomic module correspondsn
to a system of linear differential equations with polynomial coefficients
whose characteristic variety is of the smallest possible dimension n.
The purpose of this paper is to define an analogue of the inverse and
direct images, which play an important role in the theory of Weyl algebras
Ž . Ž .or D-modules , for the quantum Weyl algebra A q, P , and to investi-n
gate their properties. Recall the definition of the inverse images for the
classical Weyl algebras. Given a polynomial map F: K n K m, which
    induces a K-algebra morphism F : K Y  K X called the comorphism
  1 mof F, where K Y is the polynomial ring with m variables y , . . . , y . We
Ž .   Ž  .denote by A resp. A the Weyl algebra on K X resp. K Y . Let Mn m
   be a left A -module. Since K X has a K Y -module structure by usingm
  F , we can consider the tensor product K X  M, which is not only aK Y 
 K X -module but also an A -module, where the action of  is defined byn i
 f u   f  u	 f F y l    uŽ . Ž . Ž .Ž .Ž .i i i l
   for f K X , uM. Here, it is worth noting that f  f ,  	  f ,i i i
 where , is the usual bracket. This left A -module is denoted byn
Ž .F M , and called the inverse image of M under F. In order to define a
quantum analogue, we start with a DG-algebra morphism between two
WessZumino differential calculi as a noncommutative generalization of a
polynomial map. Let R be another Hecke symmetry for q, which is
2 2 Ž .regarded as an m m matrix. Given a DG-algebra morphism F:  R
Ž . Ž . R . It is proved in Proposition 3.5 that, for any left A R -modulem
Ž .  M, we can define left A R -action on K X  M by using then R RY 
 twisted bracket defined by Verbovetsky 16 instead of the usual bracket.
Ž .We call this left A R -module the inverse image of M under F. An
quantum analogue of the direct image is defined in the only case where
R R and R R for some matrices P and P, because, in theq, P q, P 
other cases, it is difficult to define a suitable quantum analogue of the
standard transposition of the Weyl algebra, which is used for defining the
classical direct image.
In Section 4, we obtain a quantum analogue of Kashiwara’s theorem,
which says that the direct image under the canonical embedding :
K n K n	m defines a category equivalence from the category of the left
A -modules to that of the left A -modules supported by the hyperplanen n	m
 1 m 4H y    y  0 , where A is the Weyl algebra on the polyno-n	m
 1 n 1 m mial ring K x , . . . , x , y , . . . , y . Theorem 4.3 can be regarded as Kashi-
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wara’s theorem for quantum Weyl algebras, where we deal with the
category of modules over the Jordan’s simple localization instead of that
of modules over the quantum Weyl algebra.
In Section 5 we consider whether the inverse and direct image functors
preserve holonomicity. It is known that, in the classical case, holonomicity
is preserved by the inverse and direct images under any polynomial map.
The goal of this section is to obtain a quantum analogue of this result.
First, we prove that holonomicity is preserved by inverse and direct images
Ž .under some basic DG-algebra morphisms Proposition 5.4 . Next, it is
shown that, in the one-parameter case, any DG-algebra morphism can be
Ždecomposed as a composition of basic DG-algebra morphisms Theorem
.5.5 . By virtue of these results it is proved that the inverse and direct
images under any DG-algebra morphism between two WessZumino
Ždifferential calculi preserve holonomicity in the one-parameter case The-
.orem 5.7 .
Throughout this paper we use the following q-integer notation:
q2 i
 1 q
2 i
 1
   i  , i  i: a nonnegative integer .Ž .2 
2q 
 1 q 
 1
 Furthermore, we use the terminology and the results of 14 for noncom-
 mutative ring theory, and refer to 4, 5 for the theory of the Weyl
 algebras, and 12 for the facts concerning Hopf algebras and quantum
groups.
1. PRELIMINARIES
Let V be an n-dimensional vector space. Assume that a nondegenerate
linear transformation R: V V V V is a Hecke symmetry, that is,
satisfies the YangBaxter equation
R R R  R R R ,12 23 12 23 12 23
and the Hecke condition
R
 q R	 q
1  0Ž . Ž .
 4for some q K  0 , where R  R id , R  id  R. For fixed12 V 23 V
 4basis e , . . . , e of V, we write1 n
R e  e  Rk le  e Rk l K .Ž . Ž .i j i j k l i j
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Ž  . Ž .EXAMPLE 1.1 see 9, Example 2.1; 12, Example VIII.1.3 . Let P pi j
 4 
1be an n n matrix over K  0 such that p  1, p  p for each i, j.i i ji i j
Define the multiparameter R-matrix R byq, P
i j i j i j 
1 i jR    p 	 1
 p  	 q
 q   	 j, i ,Ž .Ž .Ž . Ž .Ž .q , P l k i j i j k lk l
where
1 if i j,
	 i , j Ž . ½ 0 if i j.
 The quantum affine space K X associated to a Hecke symmetry R isR
the K-algebra generated by x1, . . . , x n with relations
Ri j x k x l qx i x j.k l
 For the Hecke symmetry R in Example 1.1, we write K X forq, P q, P
   K X . Then the relations of K X are as follows:R q, Pq, P
x i x j qp x j x i i j .Ž .i j
 In 18 , Wess and Zumino construct examples of noncommutative differ-
ential calculus on the quantum affine space.
  Ž .DEFINITION 1.2 18 . The WessZumino differential calculus  R on
    1 nK X is the K X -ring with generators  , . . . ,  subject to the rela-R R
tions
 i j
qRi j  k l , x i j qRi j  k x l .k l k l
0   1 n   i l Ž 1. l Ž .Put   K X ,   K X  , and    . Then  R R i1 R
l Ž .  is a differential graded algebra for short, DG-algebra with al 0
Ž . Ž .differential map d:  R  R such that
d x i   i.Ž .
 In 7, Proposition 11.4 it is shown that
    R  K   K X as K-vector spaces ,Ž . Ž .R R
  Ž . 1 nwhere K  denotes the K-subalgebra of  R generated by  , . . . ,  .R
 4   Ž .Hence, if a form a K-basis of K  , then  R is a free righti i I R
     4K X -module with K X -basis a  1 .R R i i I
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  Ž .DEFINITION 1.3 9, 18 . The quantum Weyl algebra A R associated ton
 R is defined as the K X -ring generated by  , . . . ,  with the relationsR 1 n
Rlk   q  ,ji k l i j
 x j  j	 qR jl x k .i i i k l
In addition, commutation relations between  and  j are given byi
jkj 
1 
1 l   q R   .Ž . i li k
EXAMPLE 1.4. Consider the Hecke symmetry R in Example 1.1. Weq, P
Ž . Ž . Ž . Ž .write  q, P and A q, P for  R and A R , respectively. Then q, P n q, P
Ž .relations of  q, P are
2i i j 
1 j i  0,   
q p   i j ,Ž .Ž . i j
x i j qp  j x i	 q2
 1  i x j i j ,Ž .Ž .i j
x i j qp  j x i i j ,Ž .i j
x i i q2 i x i.
Ž .The relations of A q, P are given byn
   q 
1 p   i j ,Ž .i j i j j i
 x j qp x j i j ,Ž .i ji i
 x i 1	 q2 x i 	 q2
 1 x j .Ž . Ýi i j
ji
Ž Ž .. Ž Ž .. 1 nPut F A q, P  K , F A q, P  K 1	 Kx 	 	Kx 	 K0 n 1 n 1
Ž Ž .. Ž Ž ..k Ž .	 	K , and F A q, P  F A q, P for k 1. Then A q, Pn k n 1 n n
Ž Ž ..  Ž Ž ..4is a filtered K-algebra with the filtration F A q, P  F A q, P .n k n k 0
When P is the n n matrix whose entries are all 1, we write Aq forn
Ž .A q, P .n
From the above relations one can obtain the following lemma.
Ž .LEMMA 1.5. Let P p be an n n matrix as in Example 1.1. Denotei j
by P t its transposed matrix.
Ž . Ž .op1 There exists a DG-algebra isomorphism 
 :  q, P 
Ž 
1 t. q , P such that

 x i  x i , 
  i   i 1 i n .Ž . Ž .Ž .
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Ž .op Ž .Here  q, P denotes the opposite DG-algebra of the DG-algebra  q, P .
Ž . Ž .2 There exists a K-algebra anti-isomorphism  : A q, P n
Ž 
1 t.A q , P such thatn
 x i  x i ,   
q
2Žn
i	1. 1 i n .Ž . Ž . Ž .i i
The K-algebra anti-isomorphism  is a quantum analogue of the canoni-
cal transposition of the n-Weyl algebra A such that x i x i and  n i

 .i
  Ž .In 11 , Jordan constructed a simple localization of A q, P . Forn
i i Ž Ž 2 . j .1 i n, let z   x 
 x  1	 q 
 1 Ý x  . The subset Zi i i j i j
 1 n4 Ž .  z , . . . , z is an Ore set in A q, P 11, 3.1 . We denote by1 n  , . . . ,   0 n1 n
Ž . Ž .  B q, P the localization of A q, P at Z. In 11, Theorem 3.2 , it isn n
Ž .proved that the localization B q, P is simple of Krull and global dimen-n
sion n like the Weyl algebra A in characteristic zero.n
Ž .Remark 1.6. The localization B q, P has another generator. Forn
ˆ 
1  1 i n, put   z  , where z  1. Then, as described in 2, 1.7 ,i i	1 i n	1
1 n ˆ ˆ 
1 
1Ž .the K-algebra B q, P is generated by x , . . . , x ,  , . . . ,  , z , . . . , z ,ˆ ˆn 1 n 1 n
ˆ i iˆ 
1Ž .  where z   x 
 x  z z . By 2, 1.5 , the relations of these ele-iˆ i i i	1 i
ments are as follows:
ˆ ˆ ˆ ˆ ˆ j 
1 jˆ   qp   ,  x  q p x  i j ,Ž .i j i j j i i ji i
ˆ j jˆ ˆ i 2 iˆ x  qp x  i j ,  x  1	 q x ,Ž .i ji i i i
j j 2 j ˆ 
2 ˆz x   q 
 1 	 1 x z , z    q 
 1 	 1  z ,Ž . Ž .ˆ ˆ ˆ ˆŽ . Ž .i i i i j i j j i
z z  z z .ˆ ˆ ˆ ˆi j j i
1 n ˆŽ Ž .. Ž Ž ..Put F B q, P  K , F B q, P  K 1 	 Kx 	 	Kx 	 K0 n 1 n 1
ˆ 
1 
1 kŽ Ž .. Ž Ž ..	 	K 	 Kz 	 	Kz , and F B q, P  F B q, P forˆ ˆn 1 n k n 1 n
Ž . Ž Ž ..k 1. Then B q, P is a filtered K-algebra with the filtration F B q, Pn n
 Ž Ž ..4 F B q, P .k n k 0
 In 15 , Rigal proves the following fact on the GelfandKirillov dimen-
Ž .sion of modules over B q, P .n
 Ž .BERNSTEIN’S INEQUALITY 15, Theorem 3 c . For a finitely generated
Ž .nonzero left B q, P -module M, its GelfandKirillov dimensionn
Ž .GKdim M  n.
  Ž .Following 15 , we say that a finitely generated left B q, P -module Mn
Ž .is holonomic if M 0 or GKdim M  n.
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Ž .We say that an element u of a left A q, P -module M is Z-torsion ifn
there exists wZ such that wu 0. We say that M is Z-torsionfree if M
has no nonzero Z-torsion elements.
Ž .LEMMA 1.7. Let M be a finitely generated left A q, P -module. If M isn
Z-torsionfree, then
GKdim M GKdim B q , P  M .Ž . Ž .Ž .A Žq , P . B Žq , P . n A Žq , P .n n n
 Proof. See the proof of 8, Corollary 3.2 .
Ž . Ž .For a left A q, P -module M, let T M be the submodule consistingn
Ž .of the Z-torsion elements. Since MT M is Z-torsionfree,
Ž Ž .. Ž .GKdim MT M  n or MT M  0 by Lemma 1.7 and Bern-A Žq, P .n
Ž Ž ..stein’s inequality. We say that M is holonomic if GKdim MT MA Žq, P .n
Ž . n or MT M  0.
Ž .From the relations of A q, P described in Example 1.4, one sees thatn
n
 A q , P  A q , P   K X as K-vector spaces .Ž . Ž . Ž .Ýn n i q , P
i1
  Ž .Via this linear isomorphism, K X has a left A q, P -module struc-q, P n
 ture. Then,  acts on K X as the q-difference operator:i q, P
f q2 x i 
 f x iŽ .Ž .
i i i   f x  f x  K x ,Ž . Ž .Ž .i 2 i iq x 
 x
j j  j   f x  0 f x  K x , where j i .Ž . Ž .Ž .i
  Ž 1.1Each z acts as a K-linear automorphism of K X such that xi q, P
Ž n.n 2Ž i	   	 n.Ž 1.1 Ž n.n     x  q x  x , so that K X naturally be-q, P
Ž .  comes a left B q, P -module. Similarly, the K-subalgebra K  ofn q, P
Ž . Ž .A q, P generated by  , . . . ,  has a left B q, P -module structure vian 1 n n
the linear isomorphism
n
i  A q , P  A q , P x  K  .Ž . Ž .Ýn n q , P
i1
Ž .    EXAMPLE 1.8. Both the left A q, P -modules K X and K n q, P q, P
   4are holonomic. In fact, K X has the good filtration F F suchq, P s s 0
Ž Ž ..that F  F A q, P  1 for k 0. Obviously, F is isomorphic as ak k n k
vector space to
 1 n1 nK x  x ,Ž . Ž .
 	 	 k1 n
n	 k Ž  .whose dimension equals . This implies that GKdim K X  n,ž / q, Pn
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   which means that K X is holonomic since K X is Z-torsionfree.q, P q, P
 Similarly, the holonomicity of K  can be shown.q, P
2. QUANTUM MATRIX GROUP ACTION AND
COACTION ON QUANTUM WEYL ALGEBRAS
Ž .DEFINITION 2.1. Let R be a Hecke symmetry. M R is the K-algebra
2 i Ž .with n generators t 1 i, j n subject to the relationsj
Ri j t  t  R t i t j . k l k l  
Ž .M R has a bialgebra structure with the comultiplication  and the counit
 such that
 t i  t i  t  ,  t i   i.Ž . Ž .j  j j j
Ž .Denote by H R the Hopf envelope of M. Thus there exists a bialgebra
Ž . Ž .morphism : M R H R such that, for any bialgebra morphism  :
Ž .M R H with H being a Hopf algebra, there exists a Hopf algebra
Ž . Ž .morphism  : H R H with   . Such a Hopf algebra H R
 always exists. See 13, Ch. 7 for details.
EXAMPLE 2.2. Let R be the Hecke symmetry in Example 1.1.q, P
Ž .Consider the bialgebra M R . The commutation relations between theq, P
i Ž .generators t are as follows 3 :j
p t k t l qt l t k , p t k t k qt k t k ,lk i i i i ji j i i j
p t l t k p t k t l , p t k t l
 p t l t k q
 q
1 p p t k t l ,Ž .ji j i lk i j ji j i k l i j ji k l i j
where i j and l k. This bialgebra is regarded as a q-deformation of
Ž .the coordinate ring O M of the space of n n matrices, and usuallyn
Ž . Ž . Ž .denoted by O M . The Hopf envelope H R of M R is obtainedq n q, P q, P
Ž .Ž .
1 as M R det , where det is the quantum determinant defined inq, P q q
 3 .
Ž . ² : Ž . Ž .The bialgebra M R has a cobraided structure , : M R M R  K
such that
k ii k 
1t , t  q R .² : Ž . jlj l
² :Thus , is a bilinear, and satisfies that
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² : ² :² :a, bc  a , c a , b ,Ž1. Ž2.
² : ² :² :ab, c  a, c b , c ,Ž1. Ž2.
² : ² :b a a , b  a , b a b ,Ž1. Ž1. Ž2. Ž2. Ž1. Ž1. Ž2. Ž2.
Ž . Ž .for all a, b, cM R , where we use the Sweedler notation  a  a Ž1.
 a , etc. See 12, Theorem VIII.6.4 .Ž2.
Throughout this paper we assume that the cobraided structure is ex-
Ž .tended to H R . This assumption holds for R .q, P
Ž . Ž .opLEMMA 2.3. 1 There exists a right H R -comodule algebra structure
Ž . on A R such thatn
 x i  x S t i ,Ž . Ž .
     t  ,Ž .i  i
Ž .for 1 i n, where S denotes the antipode of the Hopf algebra H R .
Ž . Ž . Ž .2 There exists a left H R -module algebra structure on A R suchn
that
² :h D h , D DŽ1. Ž0.
Ž . Ž . Ž .for hH R , D A R , where  D D D .n Ž0. Ž1.
 Proof. This lemma can be directly verified. Also, see 16 .
Ž . Ž .Define the K-algebra automorphism  : A R  A R byn n
 x i  q2 x i ,    q
2 1 i n .Ž . Ž . Ž .i i
For later use, we need the following lemma.
Ž .LEMMA 2.4. For the WessZumino calculus  R , it holds that
f i f , t i   f² : Ž .Ž1.  Ž0.
 for all f K X .R
Proof. We may assume that f is a monomial. Clearly, it is true for
j  f 1. If f x g with g K X , thenR
j i ² i : j x g  g , t x   gŽ .Ž1.  Ž0.
² i :² j  : k j g , t x , t   x  gŽ .Ž .Ž1.  Ž1. k Ž0. Ž0.
² i :  f , t   f ,Ž .Ž1.  Ž0.
j j ² Ž . :since R  q S t , t . Therefore, the lemma follows.k l l k
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    Ž . Ž .Following 16, 17 , we define the twisted bracket , : A R  A Rq n n
Ž . A R byn
   D , D DD
  D D D D , D A R .Ž .Ž .Ž . Ž .q Ž0. Ž1. n
     One can verify that  , f  K X for all f K X . Using this twistedi q R R
Ž .  bracket, the left A R -action on K X is described as follows:n R
i i    x  f x f ,   f  , f f K X .Ž .qi i R
Further, the following twisted Leibniz rule holds:
  fg   f g	  f f   g f , g K X .Ž . Ž . Ž . Ž .Ž . Ž .i i Ž0. Ž1. i R
We end this section by collecting results needed later.
Ž .LEMMA 2.5. In the WessZumino calculus  R , it holds that
d f    fŽ . Ž .
 for all f K X .R
    Ž .LEMMA 2.6 16 . In K X H R , it holds thatR
D f D f D f D fŽ . Ž . Ž .Ž . Ž .0 1 Ž0. Ž0. Ž1. Ž1.
Ž .  for all D A R , f K X .n R
3. INVERSE AND DIRECT IMAGES OF MODULES OVER
QUANTUM WEYL ALGEBRAS
The main purpose of this section is to define a quantum analogue of the
 inverse and direct images for quantum Weyl algebras. We refer to 4, 5 for
the inverse and direct images for the classical Weyl algebra.
Fix another nonnegative integer m. Let V  be an m-dimensional vector
space, and let R: V  V  V  V  be a Hecke symmetry for q. For
Ž . Ž .the algebras  R and A R , the variables, differentials, and deriva-m
tives are denoted by y1, . . . , y m, 1, . . . ,m, and   , . . . ,   , respectively.1 m
Ž . i Ž .˜The generators of H R are denoted by t 1 i, jm , and we denotej
²² :: Ž .by , the cobraided structure on H R described in Section 2.
Ž . Ž .Let F:  R  R be a DG-algebra morphism. Thus, in particular,
   the restriction of F to K Y is a K-algebra morphism from K Y toR R
     K X . Then K X has a right K Y -module structure via F.R R R
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Ž . Ž   .Let M be a left A R -module so M is also a left K Y -module .m R
 DEFINITION 3.1. The inerse image of M under F is the left K X -R
module
  F M K X  M .R K Y R 
LEMMA 3.2. For 1 i n, there exists a K-linear morphism  : FMi
  F M such that, for f K X , uM,R
 f u   f  u	  f f   F l   u ,Ž . Ž . Ž .Ž . Ž .i i Ž0. Ž1. i l
l Ž l.where F  F y .
 Proof. For 1 i n, we define the K-linear morphism  : K X i R
M FM by
 f u   f  u	  f f   F l   uŽ . Ž . Ž .Ž . Ž .i i Ž0. Ž1. i l
     for f K X , uM. If it holds that, for f K X , g K Y ,R R R
uM,
 fF g  u  f gu , 3.3Ž . Ž . Ž .Ž .i i
then  induces the desired linear morphism  . Therefore, it suffices toi i
Ž .show that the equality 3.3 holds.
Ž .By a direct computation, one sees that the left-hand side of 3.3 equals
 f F g  u	  f f   F g  uŽ . Ž . Ž .Ž .Ž . Ž .i Ž0. Ž1. i
	  f F g F g f   F l   u ,Ž . Ž . Ž .Ž . Ž .Ž . Ž .Ž .0 1Ž0. Ž1. i l
Ž .and the right-hand side of 3.3 equals
 f  gu	  f f   F l    g uŽ . Ž . Ž .Ž . Ž .i Ž0. Ž1. i l
	  f f   F l   g g    u ,Ž . Ž .Ž . Ž . Ž .Ž0. Ž1. i Ž0. Ž1. l
   Ž j.where  is the K-algebra automorphism of K Y such that  y R
2 j Ž Ž .. Ž Ž ..q y . Since F d g  d F g , it follows from Lemma 2.5 and the fact
1 n  that  , . . . ,  are K X -linearly independent, thatR
h   F l F   g  h   F g hH R .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .i l i
Hence it is sufficient to show that, for each  ,
 f F g F g f   F Ž . Ž . Ž .Ž . Ž .Ž . Ž .0 1Ž0. Ž1. i
²² :: l˜ g , t  f f   F F  g . 3.4Ž . Ž . Ž .Ž . Ž . Ž .Ž1. l Ž0. Ž1. i Ž0.
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Ž .From Lemma 2.4 for  R , it follows that
 ²² :: l˜g  g , t  g .Ž .Ž1. l Ž0.
Applying F to this equation, one obtains
	  ²² ::  l˜F g   F  g , t   F F  g .Ž . Ž . Ž . Ž .Ž .	 Ž1. l  Ž0.
Again, by Lemma 2.4 it follows that, for each l,  ,
  ²² :: l˜  F g F g   F   g , t  F F  g .Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž . Ž .0 1  Ž1. l  Ž0.
1 n 4   Ž .Since  , . . . ,  is K X -linearly independent, 3.4 holds.R
Ž .PROPOSITION 3.5. Let notations be as aboe. For any left A R -modulem
 Ž .M, the inerse image F M of M under F is a left A R -module with then
action defined by
x i  f u  x i f u ,Ž .
  f u   f uŽ . Ž .i i
  f  u	  f f   F l   u ,Ž . Ž .Ž . Ž .i Ž0. Ž1. i l
 for f K X , uM.R
Proof. We have to prove the following equalities:
 x j f u   j	 qR j x f u , 3.6Ž . Ž . Ž .Ž .i i i 
R   f u  q  f u , 3.7Ž . Ž . Ž .ji   i j
 for all f K X , uM, 1 i, j n.R
Ž .It is direct to show that the equality 3.6 holds. In fact, by a direct
computation, one obtains
 x j f uŽ .i
  x j f u	  x S t j   f  uŽ . Ž . Ž .Ž .Ž .Ž .i  i
	  x f f S t j   F l   uŽ .Ž . Ž .Ž .Ž0. Ž1.  i l
  j f u	 q2 S t j , t  x f  u² : Ž .Ž .i  i 
	 q2 S t j , t  x f f   F l   u ,² : Ž .Ž . Ž .Ž . i Ž0. Ž1.  l
Ž j j  .Ž .which equals  	 R x  f u .i i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Ž .We will prove that the equation 3.7 holds. We may assume that f is a
 monomial of K X . By a direct computation, one obtains, for each  ,  ,R
  f u    f  uŽ . Ž .Ž .   
	   f  f   F l   uŽ . Ž . Ž .Ž . Ž .Ž . Ž .0 1   l
	   f f   F l   uŽ .Ž . Ž .Ž Ž0. Ž1.  l
	   f  f   f   F l   uŽ .Ž . Ž . Ž .Ž . Ž .Ž0. Ž0.  Ž1.  lŽ . Ž .0 1
	   f f   F lŽ .Ž . Ž .Ž .ž /Ž0. Ž1.  Ž .0
  f f   F l   F k     u.Ž . Ž .Ž . Ž .Ž .ž /Ž0. Ž1.   k lŽ .1
Therefore, it suffices to show that the following equalities hold,
R   f  f   F l 	 R   f f   F lŽ . Ž . Ž . Ž .Ž . Ž .Ž . Ž .Ž . Ž .0 1ji    ji  Ž0. Ž1. 
 q  f  f   F l 	 q  f f   F l , 3.8Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .Ž . Ž .0 1j j i i Ž0. Ž1. j
R    f  f   f   F lŽ .Ž . Ž . Ž .Ž . Ž .ji Ž0. Ž0.  Ž1. Ž . Ž .0 1
 q  f  f   f   F l , 3.9Ž . Ž .Ž . Ž . Ž .Ž . Ž .Ž0. Ž0. i Ž1. jŽ . Ž .0 1
R   f f   F lŽ .Ž . Ž .Ž .ž /ji Ž0. Ž1.  Ž .0
  f f   F l   F k     uŽ . Ž .Ž . Ž .Ž .ž /Ž0. Ž1.   k lŽ .1
 q   f f   F lŽ .Ž . Ž .Ž .ž /Ž0. Ž1. j Ž .0
  f f   F l   F k     u. 3.10Ž . Ž . Ž .Ž . Ž .Ž .ž /Ž0. Ž1. j i k iŽ .1
Ž .First, we shall prove the equation 3.8 . By Lemma 2.6, one obtains
  f  f   F lŽ . Ž . Ž .Ž . Ž .Ž . Ž .0 1  

1 
1 l q R   f f   F ,Ž . Ž .Ž . Ž .Ž .  Ž0. Ž1. 
Ž . 
2 Ž .   ŽŽsince  g  q   g for all g K X . Noting that R q
  R

1 . 
1 . Ž .q I	 R , one sees that the left-hand side of 3.8 equals

 
1 
1 lR q R   f f   FŽ . Ž .Ž . Ž .Ž .ji  Ž0. Ž1. 

1 
1 l	 q
 q I	 R   f f   F ,Ž .Ž . Ž . Ž .Ž . Ž .ji  Ž0. Ž1. 
Ž . Ž .which is equal to the right-hand side of 3.8 . Hence 3.8 holds.
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Ž . Ž .Next we consider the equation 3.9 . Clearly, the equation 3.9 holds for
f 1. We assume that f x sg and g a monomial. Then the left-hand side
Ž .of 3.9 is equal to
R   x sg  x sg   x sg   F lŽ . Ž . Ž . Ž .Ž . Ž .Ž . Ž .Ž . Ž . Ž .Ž .Ž . Ž .0 0 10 1ji  
 q2 S t s , R  t  t  x r   g² : Ž . Ž .Ž . Ž .r ji   Ž0. Ž .0
  g   g   F lŽ . Ž .Ž .Ž .Ž0.  Ž1. Ž .1
 q2 S t s , R  t t   x r   g² : Ž . Ž .Ž . Ž .r  j i Ž0. Ž .0
  g   g   F l ,Ž . Ž .Ž .Ž .Ž0.  Ž1. Ž .1
which equals
q3 S t s , t t   x r   g  g   g   F l ,² : Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .r j i Ž0. Ž0.  Ž1. Ž . Ž .0 1
Ž .by the induction hypothesis for g. This equals the right-hand side of 3.9 .
Ž . Ž . Ž .It remains to show that 3.10 holds. We note that  f   f Ž0. Ž1.
Ž . f  f . One sees that, for each  ,  , l, k,Ž0. Ž1.
  f f   F l  f f   F l   F kŽ . Ž . Ž .Ž . Ž . Ž . Ž .Ž . Ž .ž / ž /Ž0. Ž1.  Ž0. Ž1.  Ž . Ž .0 1
	
1 
1   l l k q R f , t t  f   F F   F . 3.11² :Ž . Ž . Ž .Ž . Ž . Ž .ž /Ž1.   Ž0. 	 Ž0. Ž1. 
Ž .By 3.4 it follows that, for each l, k,  , ,
lkl l k   F F   F  q R  F F .Ž . Ž . Ž .Ž . Ž .Ž0. Ž1.  
By acting  on the above equation, we have	
  F l F l   F k 	  2 F l F l   F l   F kŽ . Ž .Ž . Ž . Ž . Ž . Ž .ž /	 Ž0. Ž1.  Ž0. Ž1. 	 Ž2. 
lk   q R   F FŽ . Ž . 	 
lk   	 R   F  F   F .Ž . Ž . Ž . Ž . Ž . Ž .ž / ž /  	Ž . Ž .0 1
Ž . Ž .Since A R is a left H R -module algebra, the left-hand side of then
above equation equals
  F l F l   F k 	  2 F l F l    F k .Ž . Ž .Ž .Ž . Ž . Ž . Ž .ž /	 Ž0. Ž1.  Ž0. Ž1. 	 
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On the other hand, since   q
2 , the right-hand side is equal to 
lk lk  
2 
1   q R   F F 	 q R R   F F   FŽ . Ž . Ž . Ž . Ž .  	 Ž . Ž .	   Ž0. Ž1. 
by Lemma 2.6.
Ž . Ž .The above argument and 3.11 imply that the left-hand side of 3.10
equals
	
1  
1  q R R f , t t  f² :Ž . Ž .ji Ž1.   Ž0.

 2 F l F l    F kŽ .Ž .Ž . Ž .Ž0. Ž1. 	 
lk   	q R   F FŽ . Ž .    u , 	  k l
lk 0
2 
1   	q R R   F F   FŽ . Ž . Ž . 	 Ž . Ž . Ž0. Ž1. 
3.12Ž .
Ž . Ž .while, by 3.11 , the right-hand side of 3.10 is equal to
	  
1   l l kR f , t t  f   F F   F    u² :Ž . Ž .Ž . Ž . Ž .ž / Ž1. j i Ž0. 	 Ž0. Ž1.  k l
	
1   l 
q	 q I	 R f , t t  f   F² :Ž . Ž .Ž . Ž .ž /Ž1. j i Ž0. 	 Ž0.
 F l   F k     uŽ .Ž .Ž1.  k l
 
q	 q
1 q the left-hand side of 3.10Ž .Ž .Ž .
	 R 	 f , tt  f   F l F l   F k     u ,² : Ž .Ž . Ž . Ž .ž / Ž1. j i Ž0. 	 Ž0. Ž1.  k l
Ž .because the left-hand side of 3.10 equals
q
1 f , t t   f   F l F l   F k     u² : Ž .Ž . Ž . Ž .ž /Ž1. j i Ž0.  Ž0. Ž1.  k l
Ž .by 3.11 and Definition 2.1. Further, we have
R 	 f , t  f   F l F l   F k     u² : Ž .Ž . Ž . Ž .ž / Ž1. j Ž0. 	 Ž0. Ž1.  k l
 
1  	 qR R f , t t  f² :Ž . Ž .	ji Ž1.   Ž0.

 2 F l F l    F kŽ . Ž .Ž . Ž .Ž0. Ž1.        uk llk   0	q R   F FŽ . Ž .  
	 the left-hand side of 3.10 .Ž .Ž .
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Thus we must show that
q2  the left-hand side of 3.10Ž .Ž .
 
1  	
 qR R f , t t  f² :Ž . Ž .	ji Ž1.   Ž0.

 2 F l F l    F kŽ . Ž .Ž . Ž .Ž0. Ž1.        u 3.13Ž .k ilk   0	q R   F FŽ . Ž .  
Ž . Ž .equals the right-hand side of 3.10 . Since the left-hand side of 3.10
Ž .equals 3.12 as seen above, we have
lk
1  
1 
1  	3.13  q R R R R  f , t t² :Ž . Ž . Ž . Ž . 	ji  Ž1.  
  f   F F   F     uŽ .Ž . Ž . Ž .Ž0.  Ž0. Ž1.  k l
	 
1 
1   R R R f , t t² :Ž . Ž .	  Ž1. j i
  f   F F   F      u ,Ž .Ž . Ž . Ž .Ž0.  Ž0. Ž1.   
Ž . Ž .which equals the right-hand side of 3.10 by 3.11 .
Ž .Therefore, 3.10 holds.
 Ž . Ž .The inverse image F A q, P naturally becomes a A q, P -m n
Ž .A q, P -bimodule. Following classical notation, we denote this bimodulem
by D . Then it follows thatXY
FMD  MXY A Žq , P .m
Ž .for any left A q, P -module M.m
Ž . Ž .Given a DG-algebra morphism F:  q, P  q, P , by Lemma
Ž . Ž 
1 Ž . t. Ž 
1 t.1.5 1 we obtain a DG-algebra morphism  q , P  q , P
such that y j F j for 1 jm. We also denote this morphism by F.
Ž 
1 t. Ž 
1 Ž . t.Then by the above way, we obtain the A q , P -A q , P -bimod-n m
Ž  Ž 
1 Ž . t.. Ž .ule D  F A q , P . Define D to be the A q, P -XY m Y X m
Ž .A q, P -bimodule such that D D as a K-vector space, andn Y X XY
Ž . Ž .that A q, P -A 1, P -bimodule action is defined bym n
DD  D     DŽ . Ž .
Ž . Ž .for D A q, P , D A q, P , and  D , where  denotes then m Y X
Ž 
1 t. Ž 
1 . t.A q , P -A q , P -bimodule action on D .n m XY
Ž .DEFINITION 3.14. Let M be a left A q, P -module. The direct imagen
Ž .F M of M under F is the left A q, P -module D  M. m Y X A Žq, P .n
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EXAMPLE 3.15. Fix nonnegative integers n and m. Let P 
Ž . Ž . Ž .p be an n	m  n	m matrix as in Example 1.1. Fori j 1 i, j n	m
Ž . Ž . q, P and A q, P , the variables, the differentials, and the deriva-n	m
tives are denoted by
x1 , . . . , x n , y1 , . . . , y m ,  1 , . . . ,  n ,1 , . . . , m ,
and
 , . . . ,  ,   , . . . ,   ,1 n 1 m
1 n	m 1 n	m j Žinstead of x , . . . , x ,  , . . . ,  , and  , . . . ,  , where y resp.1 n	m
j . n	 j Ž n	 j . ,  plays the role of x resp.  ,  for 1 jm.j n	j
For simplicity, we sometimes abbreviate the notation of the parameters
Ž .if confusion does not occur. For example, we write A for A q, P ,n	m n	m
Ž .  B for B q, P . Furthermore, we denote by K X, Y the subalgebran	m n	m
of A generated by x1, . . . , x n, y1, . . . , Y m.n	m
Ž . Ž .1 Denote by P the mm matrix with i, j -entry p . Then	 i, n	j
Ž .variables, the differentials, and the derivatives of  q, P and A m
Ž . 1 m 1 m  A q, P are denoted by y , . . . , y ,  , . . . ,  , and  , . . . ,  , respec-m 1 m
tively.
Ž . Ž .Define the DG-algebra morphism  :  q, P  q, P by
 y j  y j,   j   j 1 jm .Ž .Ž . Ž .
Let M be a left A -module. From the definition, it is clear thatm
   M K X M as K-vector spacesŽ .
Ž    via the morphism defined by fg u f gu f K X , g K Y ,
. 1 nuM . Let C be the K-subalgebra of A generated by x , . . . , x ,n	m
  , . . . ,  . Note that K X has a left C-module structure induced from the1 n
   A -module structure of K X, Y when we regard K X as a K-sub-n	m
   space of K X, Y . By the above identification, the A -action on K Xn	m
 A ism
x i f u  x i f u , y j f u   f  y ju ,Ž . Ž . Ž .j
 f u   f u ,   f u    f   u ,Ž . Ž . Ž .i i j j j
  for f K X , uM, 1 i n, 1 jm, where  and  are thej j
 K-algebra automorphism of K X defined by
 x i  q
1 p x i ,   x i  qp x i 1 i n .Ž . Ž . Ž .j n	j , i j i , n	j
Furthermore, it easily follows that
n
D  A  A  as A -A -bimodules .Ž .ÝXYY n	m n	m i n	m m
i1
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Ž . Ž .  Ž  Note that z f u  z f u, z f u  f z u f K X , uM,i i j j
.   j j 1 i n, 1 jm , where z   y 
 y  for 1 jm. Therefore, ifj j j
M is a left B -module, then  M is naturally a left B -module.m n	m
Ž . Ž . Ž .2 Let  be the DG-algebra morphism defined in 1 . From 1 ,
n
D   A  A   AÝY XY  n	m n	m i n	m
i1
as left A -A -bimodules ,Ž .m n	m
so, for any left A -module M,n	m
n
 MM  M as left A -modules .Ž .Ý i m
i1
From the above isomorphism, it follows that, if M is a left B -mod-n	m
ule, then  M is naturally a left B -module. m
Ž . Ž . Ž .3 Let P be the n n matrix with i, j -entry p . For  q, Pi, j
Ž .and A  A q, P , we denote the corresponding variables, differentials,n n
and derivatives by x1, . . . , x n,  1, . . . ,  m, and  , . . . ,  , respectively.1 n
Ž . Ž .Define the DG-algebra morphism :  q, P  q, P by
 x i  x i ,   i   i 1 i n ,Ž . Ž .Ž .
 y j  0,   j  0 1 jm .Ž .Ž . Ž .
For a left A -module M, one easily sees thatn	m
m
 j MM y M as left A -modulesŽ .Ý n
j1
  m j j Žvia K X  M A Ý y M, f  u fu 	 Ý y M f K  X , Y  n	m j1
  . K X , DM . In particular, the A -A -bimodule D   An n	m X XY n	m
is isomorphic to
m
jA  y A .Ýn	m n	m
j1
Note that, if M is a left B -module, then M naturally becomes an	m
left B -module.n
Ž . Ž .4 Let  be the DG-algebra morphism defined in 3 . It follows from
Ž .3 that
m
j M A  A y  A M as left A -modulesŽ .Ý n	m n	m n n	mž /
j1
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Ž .for any A -modules M. Similar to 1 ,  M is isomorphic to the leftn 
 A -module k   M with the actionn	m
x i f u   f  x iu , y j f u  y j f u ,Ž . Ž . Ž .i
 f u   f   u ,   f u    f u ,Ž . Ž . Ž .i i i j j
z f u    f  z u , z f u  z f u ,Ž . Ž . Ž .i i i j j
  for f K   , uM, 1 i n, 1 jm, where  ,  are the K-alge-j j
 bra automorphism of K   defined by
    q
1 p   ,      q
2  1 jm .Ž .Ž . Ž .i j i , n	j j i j j
From the above observation, if M is a left B -module, then  M isn 
naturally a left B -module.n	m
LEMMA 3.16. Let notation be as in Example 3.15.
Ž . Ž . 1 If M is a finitely generated left A q, P -module, then  M is am
Ž .finitely generated A q, P -module, andn	m
GKdim  M GKdim M 	 n.Ž . Ž .A Žq , P . A Žq , P .n	m m
Ž . Ž . 2 If M is a finitely generated left B q, P -module, then  M is am
Ž .finitely generated B q, P -module, andn	m
GKdim  M GKdim M 	 n.Ž . Ž .B Žq , P . B Žq , P .n	m m
In particular, M is holonomic if and only if  M is holonomic.
Ž . Ž .3 If M is a finitely generated left A q, P -module, then  M is an 
Ž .finitely generated A q, P -module, andn	m
GKdim M GKdim M 	m.Ž . Ž .A Žq , P . A Žq , p .n	m n
Ž . Ž .4 If M is a finitely generated left B q, P -module, then  M is an 
Ž .finitely generated B q, P -module, andn	m
GKdim  M GKdim M 	m.Ž . Ž .B Žq , P .  B Žq , P  .n	m n
In particular, M is holonomic if and only if  M is holonomic.
Ž .Proof. 1 We use same notations as in Example 3.15. Let M be a
Ž .  Ž .4finitely generated left A -module, and let F M  F M be a goodm k k 0
Ž .filtration of M with respect to the filtration F A of A defined inm m
Example 1.4. The K-subalgebra C of A generated by x1, . . . , x n,n	m
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Ž .  Ž .4 , . . . ,  is a filtered K-algebra with the filtration F C  F C de-1 n k
Ž . Ž . 1 nfined by F C  K , F C  K 1	 Kx 	 	Kx 	 K 	 	K ,0 1 1 n
Ž . Ž .k Ž .and F C  F C k 1 . Then, it is clear that A  C A as ak 1 n	m m
K- vector space, and that
F A  F C  F A k 0 .Ž . Ž . Ž . Ž .Ýk n	m k  k  m
k	k k
 Since the left C-module K X is generated by the single element 1, the
subspaces
 F K X  F C  1 k 0Ž . Ž .Ž .k k
  Ž .form a good filtration of K X with respect to F C . By the same way as
Ž  .in Example 1.8, one sees that GKdim K X  n.C
First, we have to show that  M is finitely generated. As seen in
Ž .   Example 3.15 1 ,  M can be identified with K X M. If M is gener-
 ated by u , . . . , u , then K X M is generated by 1 u , . . . , 1 u .1 s 1 s
  Next, we will consider the GelfandKirillov dimension of  M K X
 ŽM. Since the K-linear automorphism  and  defined in Examplej j
Ž .. Ž .3.15 1 preserve the filtration F C , the K-vector spaces
  F  M  F K X  F MŽ . Ž .Ž .Ýk k  k 
k	k k
 Ž .form a good filtration of the A -module  M with respect to F A .n	m n	m
 Ž .By the same way as in the proof of 5, Ch. 3, Theorem 4.1 1 , we have
  GKdim  M GKdim K X 	GKdim MŽ . Ž .Ž .A C An	m m
 n	GKdim M .Ž .A m
Ž .Therefore, 1 is proved.
Ž . Ž .In the similar fashion we can conclude 2  4 .
COROLLARY 3.17. Let notations be as in Example 3.15.
Ž . Ž . 1 If M is a holonomic A q, P -module, then  M is holonomic asm
Ž .a left A q, P -module.n	m
Ž . Ž .2 If M is a holonomic A q, P -module, then  M is holonomic asn 
Ž .a left A q, P -module.n	m
Proof. By Lemma 3.16, it suffices to show that
 MT  M    MT M as left A -modules .Ž . Ž . Ž .Ž . n	m
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Ž   .   Ž .But, one easily sees that T K X M  K X  T M , which shows
the desired isomorphism.
Ž . Ž .2 Similar to 1 .
LEMMA 3.18. Let n, m, and r be nonnegatie integers, and let P
Ž . Ž  . Ž  .p , P p , and P  p be matrices as ini j 1 i, j n i j 1 i, jm i j 1 i, j r
Ž . Ž .Example 1.1. Gien two DG-algebra morphisms F:  q, P  q, P and
Ž . Ž .G:  q, P  q, P .
Ž . Ž .1 For a left A q, P -module M,r
  FG M  F G M as left A q , P -modules .Ž . Ž . Ž . Ž . Ž .Ž .n
Ž . Ž .2 For a left A q, P -module M,n
FG M  G F M as left A q , P -modules .Ž . Ž . Ž . Ž . Ž .Ž .   r
   Proof. We denote by K T the quantum affine space K T with theq, P 
variables t1, . . . , t r.
Ž . Ž .Ž .   Ž Ž ..1 By definition, FG M  K X  M and F G MK T 
  Ž   .   K X  K Y  M . Thus, there exists a K X -module iso-K Y  K T 
morphism
 F G M  FG M , f g u fF g  u ,Ž . Ž . Ž . Ž .Ž .
   where f K X , g K Y , uM. Therefore, it remains to show that
Ž . Ž .this isomorphism is an A q, P -module morphism. But, using 3.4 onen
can verify this.
Ž .2 By the definition of the direct images, it suffices that D T X
Ž .D  D see the paragraph before Definition 3.14 . This followsTY A Y Xm
Ž .from Part 1 .
4. KASHIWARA’S THEOREM FOR QUANTUM
WEYL ALGEBRAS
In this section we consider an analogue of Kashiwara’s theorem for
 quantum Weyl algebras. See 5, Corollary 17.3.2; 4, Theorem V.3.1.6 for
Kashiwara’s theorem for the Weyl algebras in characteristic zero. We deal
Ž .with the category of B q, P -modules instead of the category ofn
Ž .A q, P -modules.n
Throughout this section, we use the notations in Example 3.15.
Ž .Let M be a left B q, P -module. Following classical notation, wen	m
put
sj M  mM y m 0 j 1, . . . , m for some sN .Ž . Ž .Ž . 4H 
NOBUYUKI FUKUDA492
Ž j. sNote that, if uM with y u 0 for some sN, then
  ss	1 s	1 j 
2Ž s	1. j j y  u  q  y 
 s	 1 y u 0.Ž . Ž . Ž .ž / ž /j j
 1 m 4In the classical case, H denotes the hyperplane y    y  0 .
From the above fact and the commutation relations between the genera-
Ž . Ž . Ž .tors of B q, P described in Remark 1.6,  M is a B q, P -sub-n	m H  n	m
Ž .module of M. We say that M is supported by H if M  M . PutH 
 jM  uM y u 0 j 1, . . . , m , 4Ž .0
Ž . Ž .which is a B q, P -submodule of  M .n H   
1Let us consider the case m 1. We write y for y ,   for  , simply.1
Ž .LEMMA 4.1. Let M be a left B q, P -module.n	1
Ž . Ž . Ž . Ž .1  M   M as left B q, P -module. 0 H  n	1
Ž . Ž . Ž .2 y M   M .H  H 
Ž   .Proof. Similar to the proof of 5, Theorem 17.2.4, Corollary 17.2.5 .
Ž . Ž . Ž .As seen in Example 3.15 4 ,  M  B B y  M . There is a 0 n	1 n	1 A 0n
Ž . Ž .B -module morphism  : B B y  M   M such thatn	1 n	1 n	1 A 0 H n
 D u Du D B , uM .Ž . Ž .n	1 0
Ž .In order to prove the surjectivity of  , we have to show that  M H 
Ž . sB M . Let u  M with y u 0 for some s 0. We prove byn	1 0 H 
induction that u B M . Clearly, it is true for s 0. Assume thatn	1 0 
s s
1 2 sŽ  . Ž s 1. Since 0  y u y s 	 q y  u, it follows that s 	
2 s .q y  u B M by induction hypothesis. Again, by induction hypothe-n	1 0 
2Ž s
1.   Ž sis, yu B M , so q  yu B M . Therefore, s
 1 u s 	n	1 0 n	1 0 
2 s 2Ž s
1. .q y 
 q  y u B M , so that u B M .n	1 0 n	1 0
Next, we claim that
s
B M    M .n	1 0 0
s0
 
1 sNoting that z M M , one sees that B M Ý  M . Now,i 0 0 n	1 0 s 0 0
assume that
r 
u 	  u 	 	  u  0 u , . . . , u M .Ž .0 1 r 1 r 0
Multiplying by y r, we obtain u  0 by virtue of the fact thatr
s s	1 
2Ž s	1. y  u q s	 1   u uM . 4.2Ž . Ž .0
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 r
1So u 	  u 	 	   u  0. By repeating this process, we have0 1 r
1 1 ru    u      u  0. This concludes the claim.0 1 r
By the claim, in order to show the injectivity of  , it is sufficient to s sprove that uM with   u 0 must be zero. Since y  u 0, it follows0s
1Ž .from 4.2 that   u 0. By continuing this process, we get u 0.
Ž . Ž . Ž .Now Part 1 is proved. Since y Im   Im  as seen above, Part 2
follows.
n	m Ž n.Denote by M resp. M the category of left modules over
Ž . Ž Ž .. n	m Ž n.B q, P resp. B q, P , and the full category of M resp. Mn	m n
n	m Žconsisting of all finitely generated modules is denoted by M resp.f g
n . n	m Ž n. n	m ŽM . And, H resp. H denotes the full subcategory of M resp.f g f g
n .M whose objects are holonomic modules. We denote the full subcategoryf g
n	m Ž n	m n	m. Ž .of M resp. M , H consisting of B q, P -modules sup-f g n	m
n	m Ž n	m n	m.ported by H by M resp. M , H .H f g , H H
Ž . Ž .THEOREM 4.3. Let :  q, P  q, P be the DG-algebra morphism
defined by
 x i  x i ,  y j  0,   i   i ,   j  0Ž . Ž . Ž . Ž .
Ž .for 1 i n, 1 jm . The functor  defines an equialence of the
n Ž n n. n	m Ž n	m n	m.category M resp. M , H with the category M resp. M , H .f g H f g , H H
Furthermore, its inerse is the functor MM .0
n	m n Ž .Proof. Let ! : M  M be the functor defined by ! M M for0
Ž .each left B -module M. We prove by induction on m that  ! M Mn	m 
for any left B -module supported by H. Clearly, it is true for m 0.n	m
Ž .For m 1, this is shown in Lemma 4.1 1 . Assume that m 2. Let P" be
Ž . Ž . Ž .the n	 1  n	 1 matrix with the i, j -entry p . The DG-algebrai j
Ž . Ž . Ž . Ž .morphism  :  q, P  q, P" and  :  q, P"  q, P are mor-1 2
Ž .phisms as in Example 3.15 3 such that     . We denote by ! :2 1 1
n	m n	1 Ž n	1 n.M  M resp. ! : M  M the functor assigning each left2
Ž .B -module resp. B -module M to M , so that ! ! ! . For eachn	m n	1 0 2 1
Ž .left B -module M supported by H, one sees that  ! M n	m 
Ž . Ž .   ! ! M   ! M M by induction hypothesis, since1 2 2 1 1 1
Ž .  Ž . Ž 1. s 4! M  u ! M y u 0 for some s . Therefore,  ! is isomor-1 1 
phic to the identity functor on M n	m.H
On the other hand, one easily sees that, for each left B -module N,n
m
j!  N  B  B y N  1NN ,Ž . Ý m mž /ž /j1 0
so the functor !  is isomorphic to the identity functor on M n.
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Next, we will prove that M M n	m is a finitely generated B -mod-H n	m
Ž .ule if and only if M is a finitely generated B -module. Since  M 0 n H 
Ž . Ž . M by Lemma 4.1, if M is finitely generated, then  M is finitely 0 0 H 
Ž . Ž .generated by Lemma 3.16 4 . Assume that  M is finitely generated. ItH 
suffices to show that M is a noetherian B -module. Let N N   0 n 1 2
Ž . Ž .M be an ascending chain of B -submodules of M . Then  N   N0 n 0  1  2
Ž . Ž .    M is an ascending chain of B -submodules of  M  0 n	m  0
Ž . Ž . Ž . M , so that there is an integer sN with  N   N for s s.H   s  s
Ž .Then N N for s s, since !  N  1N for each l. We con-s s  l l
clude that the functor  defines an equivalence of M n with M n	m. f g f g , H
Finally, in order to prove that the functor  defines an equivalence of
H n with H n	m, we must show that N M n is holonomic if and only ifH H
Ž . N is holonomic. But, this proved in Lemma 3.16 4 .
5. PRESERVATION OF HOLONOMICITY
We continue to use the notations in Example 3.15.
LEMMA 5.1. Let  and  be the DG-algebra morphisms in Example 3.15.
Ž . Ž .If a left B q, P -module M is holonomic, then both the left B q, P -n	m m
Ž . module  M and the left B q, P -module  M are so. n
Ž . 
1Proof. From Example 3.15 2 and the fact that M z M, it followsi
that
n 
 MM  M.Ý i
i1
Ž .Note that there exists a K-algebra isomorphism T: B q, P n	m

1 ˜Ž .B q , P such that, for 1 i n, 1 jm,m	n
   
 i j 
2 i 
2 jT x   , T y   , T  
q y , T  
q x ,Ž . Ž . Ž . ž /i j i j
˜  4 Ž . Ž .where P p is the m	 n  m	 n matrix such thati˜ j 1 i, jm	n
p  p 1 i , j n	m ,Ž .i˜ j n	m
i	1, n	m
j	1
  

1 1 m 1 n˜Ž .and B q , P is generated by x , . . . , x , y , . . . , y ,  , . . . ,  ,  , . . . ,m	n 1 m 1
 
1 
1
1 
1 , and z , . . . , z , z , . . . , z subject to the relations in Remark 1.6.˜ ˆ ˆ ˆn 1 m 1 m

1 ˜Ž .Via this isomorphism, M is a left B q , P -module:m	n

1 
1 ˜D  u T D u  B q , P , uM .Ž . Ž .Ž .m	n
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1 ˜Ž .Then M is holonomic as a left B q , P -module, since M is holo-m	n 
nŽ . Ž .nomic as a left B q, P -module. And, B q, P -module MÝ  Mm	n m i1 i

1 ˜ n iŽ .is holonomic if and only if B q , P -module MÝ y M is so, wherem i1
˜ ˜Ž . Ž .P is the mm matrix with i, j -entry P . But, in Example 3.15 3 , it isi j
seen that MMÝm y jM, so it suffices to prove that the leftj1
Ž . m jB q, P -module MÝ y M is holonomic.n j1
It is clear for m 0. Consider the case m 1. By Theorem 4.3, M is0
Ž .holonomic B -module. Put MM M. It follows from Lemma 4.1 2n H 
that
MyMMyM as left B -modulesŽ .n
Ž .via the morphism u	 yM u	 yM uM . Therefore, we can assume
that  M 0.H 
Ž .  Ž .4Let F M  F M be a good filtration of the B -module Mk k 0 n	m
Ž . Ž .for the filtration F B of B , and let F MyM be the filtration ofn	m n	m
Ž .the B -module MyM induced by the filtration F B . Thenn n	m
Ž . Ž Ž . . Ž . Ž Ž . .F MyM  F M 	 yM yM  F M  F M  yM . Note thatk k k k
Ž . Ž . Ž . Ž .yF M  F M  yM and F M  yF M by the assumption.k
1 k k
1 k
1
Then we have
dim F MyM  dim F M 
 dim F M .Ž . Ž . Ž .K k K k K k
1
 By the same way as in the proof of 5, Lemma 18.1.2 , one sees that there
exist c , c Q such that1 2
n
1ndim F MyM  c k 	 c k	 1Ž . Ž .K k 1 2
 for any sufficiently large k. By 15, Theorem 3.2.4 , we conclude that
MyM is holonomic.
For a general m 0, we can prove by induction the desired result.
COROLLARY 5.2. Let  and  be the DG-algebra morphisms in Example
Ž .3.15. If a left A q, P -module M is holonomic, then both the leftn	m
Ž . Ž . A q, P -module  M and the left A q, P -module  M are so.m  n
Ž  Ž  ..Proof. We have to show that B   MT  M is holonomic inn A n
order to prove the assertion for . We can regard MMÝ y jM as
Ž .seen in Example 3.15 3 . It is easy to verify that there exists a canonical
Ž Ž ..  Ž  .left A -module epimorphism  MT M   MT  M , which im-n
plies that
GKdim B  MT M GKdim B   MT M .Ž . Ž .Ž . Ž .Ž .Ž . Ž .B n A B n An n n n
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For any left A -module N, the left B -module B  N can ben	m n n A n
Ž .regarded as a submodule of the left B -module  B  M via then n	m A n	m
morphism
z
 1  z
 n  u	 y jMŽ .Ý1 n
 z
 1  z
 n  u 	 y j B  M ,Ž . Ž .Ý1 n n	m A n	m
where uN,  , . . . ,   0, thus we have1 n
GKdim B   MT MŽ .Ž .Ž .B n An n
GKdim  B  MT M .Ž .Ž .Ž .ž /B n	m An n	m
From the above two inequalities,
GKdim B  MT MŽ .Ž .Ž .B n An n
GKdim  B  MT M .Ž .Ž .Ž .ž /B n	m An n	m
The left-hand side of the inequality is less than or equal to n by the
holonomicity of M and Lemma 5.1. This proves the holonomicity of M.
In the similar fashion we can prove the holonomicity of  M.
We define basic DG-algebra morphisms including generalizations of the
morphisms in Example 3.15.
Ž .DEFINITION 5.3. Assume that 1 r n. Let P p be ani j 1 i, j n
Ž .n n matrix as in Example 1.1. Given an r-tuple i i , . . . , i with1 r
Ž .i    i , we denote by P the r r matrix whose k, l -entry is p .1 r i i , ik l
Ž . 1 r 1 rThe generators of  q, P are denoted by y , . . . , y ,  , . . . , .i
Ž . Ž . Ž .1 The DG-algebra morphism  :  q, P  q, P is defined byi i
 y s  x i s ,   s   i s 1 s r .Ž . Ž . Ž .i i
Ž . Ž . Ž .2 The DG-algebra morphism  :  q, P  q, P is defined byi i
 x i s  y s ,   i s   s 1 s r ,Ž . Ž .Ž .i i
i i  4 x  0,    0 i i , . . . , i .Ž . Ž .Ž .i i 1 r
Ž . Ž .  43 For an n-tuple c c , . . . , c such that each c  K  0 , we1 n i
Ž . Ž .define the DG-algebra morphism m :  q, P  q, P byc
m x i  c x i , m  i  c  i 1 i n .Ž . Ž .Ž .c i c i
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Ž .4 Assume that n 1. For 0 c K , we define the DG-algebra
Ž .morphism E :  q, P  K byc
E x  c, E   0.Ž . Ž .c c
PROPOSITION 5.4. Let notations be as in Definition 5.3. The functors
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . ,  ,  ,  , m , m , E , and E presere thei i  i i  c c  c c 
holonomicity.
Proof. By slightly modifying the proof of Corollary 3.17 and Corollary
5.2, one can prove the statement for  ,  , , and  .i i i i
Ž .For m , we note that, for a left A q, P -module M,c n
m M M , m M M 
 1 ,Ž . Ž .c  c 
Ž . Ž i.where  is the K-algebra automorphism of A q, P such that  x n

1 Ž . Ž . Ž .
1c x,    c  , 1 i n , and M resp. M is the twisted modulei i i i  
Ž 
1 .by  resp.  , that is,
M M resp. M 
1 M as a K-vector space ,Ž . Ž . 
Ž .and the left A q, P -module structure is given byn
D  u  D u resp. D  u 
1 D u ,Ž . Ž .Ž .
Ž . Ž .
1where D A q, P , uM resp. M . Since  preserves the filtrationn  
Ž Ž .. Ž . 
1F A q, P defined in Remark 1.6 , both M and M have the samen  
Ž . Ž .GelfandKirillov dimension as that of M. In particular, m and mc c 
preserve the holonomicity.
Ž . Ž .Consider the functors E and E . The quantum Weyl algebrac c 
A A is the K-algebra generated by the elements x and  with the1
relation  x q2 x	 1. One easily sees that, for any left A-module M,

E M M x
 c as K-vector spaces ,Ž . Ž . Ž . Ž .c
and, for any finite-dimensional K-vector space W,
dim WE W  AA x
 c as left A-modules .Ž . Ž . Ž . Ž .Ž .c 
Ž .  Since AA x
 c is isomorphic as a K-vector space to K  , it is clear
Ž . Ž .that the left A-module AA x
 c is holonomic. Therefore, E pre-c 
serves the holonomicity.
It remains to show that, if a left A-module M is holonomic, then
Ž .M x
 c M is finite dimensional. We can assume that M is of the form
Ž . Ž .Au with ann u AD 0D A . Put MM x
 c M. Clearly, M
kÝ K .k 0
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Write
D C x i j C  K .Ž .Ý Ý i j i j
0ir 0js
Let l be a positive integer. From the commutation relation between x and
 , we have
l	s
1
l 2 l i i l	s k D q C x 	 g Ý Ýi s k
0ir k0
  lfor some g , . . . , g  K X . Since 0  Du, it follows that1 l	s
1
l	s
1
2 l i i l	s kC q c  u K u,Ý Ýi sž /
0ir k0
2where ? denotes the projection MM. Since q is not a root of unity,
there exists a positive integer l such that Ý C q2 l ic i  0 for all0 0 i r i s
l l . Then0
l 	s
10
l k u K u l l 	 s ,Ž .Ý 0
k0
Ž .which implies that dim M  l 	 s #.K 0
Finally, we consider the preservation of holonomicity under the inverse
and direct images in the simplest case.
From now on, if P is the n n matrix whose entries are all 1, we write
Ž . for  q, P .n
PROPOSITION 5.5. Let F:   be a DG-algebra morphism. Then Fm n
is a composition of the DG-morphisms in Definition 5.3.
Proof. It suffices to show that F is the DG-algebra morphism satisfying
that, there exist c , . . . , c  K and nonnegative integers i , . . . , i with1 m 1 m
Ž j. i j Ž .i    i such that F y  c x j 1, . . . , m , or that there exists1 m j
Ž l. Ž j.lm such that F y  K and F y  0 for j l.
Ž j.Fix 1 jm. Assume that F y  0. We write
i i1j 1 s sF y  C x  x C  KŽ . Ž .Ž . Ž .Ý i    i i    i1 s 1 s
i , . . . , i 01 s
for some s n, where C  0 for some i  1. Noting thati    i s1 s
i i11 n nd x  xŽ . Ž .ž /
n
i i 
1 i1 k
Ž i 	   	i . 1 k n knk	1 n   q i x  x  x  ,Ž . Ž . Ž .Ý k
k1
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it follows that
s
j 
Ž i 	   	i .k	1 s  F   C q iŽ . Ý Ýi    i k1 l
i , . . . , i 0 k11 s
i i 
1 i1 k1 k s ks x  x  x  .Ž . Ž . Ž .
j j 2 j j Ž j. Ž j. 2 Ž j. Ž j.Since y   q  y , we have F y F   q F  F y , so
s
 s s
1 s 
ŽÝ Ž i 
i .	Ý Ý i i .lk	1 l l l1 l l	1 l l   C C q iÝ Ý Ý i    i i    i k1 s 1 s
 k1 i , . . . , i 0 i , . . . , i 01 s 1 s
i 	i i 	i
1 i 	i1 1 k k1 k s ks s x  x  x Ž . Ž . Ž .
s
s 2
Ý ilk	1 l    C C q iÝ Ý Ý i    i i    i k1 s 1 s
 k1 i , . . . , i 0 i , . . . , i 01 s 1 s
i i
1  ii i1 k 11 k s k 1 ss s x  x  x  x  x . 5.6Ž . Ž . Ž . Ž . Ž . Ž .
kŽ l. 
iŽ l. i k Ž 
3 i	1 
i	1.Ž l. i
1 k lSince  x  q x  	 q 
 q x x  for k l, the
right-hand side of the equation equals
s

2 i k   C C q 
 1 iŽ .Ý Ý Ý Ý i    i i    i k 1 s 1 s
 k1 k k	1 i , . . . , i 0 i , . . . , i 01 s 1 s
q2
 Ž2 Ý lk 	1
s il	Ý lk	1s i l	Ý l1s
1 Ý l l	1s i l i

l
Ý lk	1s i

1.
i 	i i 	i
1 i 	i1 1 k k1 k s ks s x  x  x Ž . Ž . Ž .
s

   	 C C iÝ Ý Ý i    i i    i k1 s 1 s
 k1 i , . . . , i 0 i , . . . , i 01 s 1 s
q2
 Ž i k	Ý lk
s i l	Ý lk	1s i

l	Ý l1s
1 Ý l l	1s i l i

l.
i 	i i 	i
1 i 	i1 1 k k1 k s ks s x  x  x  .Ž . Ž . Ž .
Ž j. sThen, we claim that F y  Kx 	 K. Put
I max i C  0 for some i , . . . , i . 4s s i    i 1 s
11 s
Ž . Ž .Choose an s
 1 -tuple I , . . . , I such that1 s
1
I 	 	I max i 	 	i C  0 . 41 s
1 1 s
1 i    i I1 s
1 s
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Ž 1.2 I1 Ž s
1.2 Is
1Ž s.2 Is
1Comparing the coefficients of x  x x in both sides
Ž .of the equation 5.6 , we get
s
1 s s
1 s2 
ŽÝ Ý I I . 2 2
Ž2 I 	Ý Ý I I .l1 l l	1 l l s l1 l l	1 l l   C q I  C q I ,I    I s I    I s1 s 1 s
Ž j. swhich implies that I  1. Now, we assume that F y  Kx 	s
 1 s
1 k x , . . . , x . Put
smax k s C  0 for some i , . . . , i with i  1 , 4i    i    1 1 s
1 s1 s
I max i C  0 for some i , . . . , i , i , . . . , i , 4s s i    i    1 1 s
1 s	1 s
11 s
Ž . Ž .and choose an s
 1 -tuple I , . . . , I such that1 s
1
I 	 	I max i 	 	i C  0 . 41 s
1 1 s
1 i    i I 0    0 11 s
1 s
Ž 1.2 I1 Ž s.2 Is
1Ž s.2 sThen, by comparing the coefficients of x  x x  in both
Ž .sides of the equation 5.6 , we get
2 2 
2 I 2 
2 Is s   C I  C q 
 1 q 	 I q .Ž .Ž .I    I 0    0 1 s I    I 0    0 1 s1 s 1 s
This implies that q Is	1  1, which is a contradiction, because q2 is not a
Ž j. s  1 s
1 root of unity. Therefore, f y  Kx 	 K x , . . . , x . By repeating the
Ž j. s ksame process as above, one can see that F y Ý Kx 	 K. But,k1
Ž j.2 Ž j. ssince F   0, it must hold that F y  Kx 	 K. Furthermore, from
Ž j. Ž j. 2 Ž j. Ž j. Ž j. sthe relation F y F   q F  F y , one sees that F y  Kx or
Ž j.F y  K.
Now, we know that, for each 1 jm, there exists   K such thatj
Ž j. Ž j. i jF y   or F y   x for some i . From the commutation relationsj j j
of  and  , the desired result follows.n m
Combining the proposition with Proposition 5.4, we obtain the following
result:
THEOREM 5.7. Let F:   be a DG-algebra morphism. We regardm n
 Ž . q ŽF resp. F as a functor from the category of left A -modules resp. m
q . q Ž q .A -modules to that of left A -modules resp. A -modules . Then, both then n m
functors F and F presere the holonomicity.
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